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Abstract
Motivated by a recent interest in curved rigid supersymmetries, we construct a new type
of N=4, d=1 supersymmetric systems by employing superfields defined on the cosets
of the supergroup SU(2|1). The relevant worldline supersymmetry is a deformation of
the standard N=4, d=1 supersymmetry by a mass parameter m. As instructive exam-
ples we consider, at the classical and quantum levels, the models associated with the
supermultiplets (1,4,3) and (2,4,2) and find out interesting interrelations with some pre-
vious works on non-standard d=1 supersymmetry. In particular, the d=1 systems with
“weak supersymmetry” are naturally reproduced within our SU(2|1) superfield approach
as a subclass of the (1,4,3) models. A generalization to the N=8, d=1 case implies the
supergroup SU(2|2) as the candidate deformed worldline supersymmetry.
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1 Introduction
Recently, there was a growth of interest in rigid supersymmetric theories in diverse dimen-
sions, such that the relevant supersymmetry groups include, as the bosonic subgroups,
the groups of motion of some curved spaces (see, e.g., [1, 2]). This should be contrasted
with the standard rigid supersymmetric theories in which the bosonic invariance sub-
group is the Poincare´ group, the group of motion of the flat Minkowski space. There is
the hope that the study of the new class of theories will give rise to a further progress in
understanding the generic gauge/gravity correspondence.
The simplest Poincare´ supergroup is the d = 1 one,
{Qm, Qn} = 2δmnH , [H,Qm] = 0 , m = 1, . . .N , (1.1)
whereQm areN real supercharges andH is the time-translation generator. The associated
systems are models of supersymmetric quantum mechanics (SQM) [3], with H being the
relevant Hamiltonian. The SQM models, including their versions with extended N > 2
supersymmetry, have a lot of applications in various physical and mathematical domains.
It is tempting to construct SQM models based on some curved versions of the d = 1
Poincare´ supersymmetry. They could be considered as the d = 1 analogs of the higher-
dimensional supersymmetric models just mentioned and, in some cases, follow from the
latter via dimensional reduction. Irrespective of the dimensional reduction reasoning,
they can bear an obvious interest on their own as non-trivial self-consistent deformations
of the standard SQM models with plenty of potential applications.
One possible way to define such generalized SQM models is suggested by the simplest
non-trivial d = 1 Poincare´ superalgebra, the N = 2 one. Introducing complex generators
Q =
1√
2
(Q1 + iQ2) , Q¯ =
1√
2
(Q1 − iQ2) ,
the superalgebra (1.1) for N = 2 can be rewritten as
{Q, Q¯} = 2H , Q2 = Q¯2 = 0, [H,Q] = [H, Q¯] = 0 . (1.2)
It is instructive to add the commutators with the generator J of the group O(2) ∼ U(1)
which is the automorphism group of (1.1) for N = 2:
[J,Q] = Q , [J, Q¯] = −Q¯ , [H, J ] = 0 . (1.3)
On the one hand, the relations (1.2) and (1.3) define the N = 2, d = 1 Poincare´ super-
algebra. On the other hand (and this fact is less known), these relations are recognized
as defining the superalgebra u(1|1), with H being the relevant central charge generator.
After factoring out the U(1) generator J , we are left with the superalgebra su(1|1) (1.2).
This twofold interpretation of N = 2, d = 1 Poincare´ superalgebra suggests two ways
of extending it to higher-rank d = 1 supersymmetries.
The first one is the straightforward extension
(N = 2 , d = 1) ⇒ (N > 2 , d = 1 Poincare´) , (1.4)
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where the general N , d = 1 Poincare´ superalgebra is defined by the relations (1.1). Except
for N = 2, these algebras cannot be identified with any simple or semi-simple superal-
gebras (though can still be recovered through contractions and/or truncations of such
superalgebras). The possible extra bosonic generators are those of the automorphism
group (it is O(N ) in the general case) and/or central (or “semi-central”) charge genera-
tors which commute with the supercharges.
Another, less evident opportunity corresponds to the following chain of embeddings
(N = 2 , d = 1) ≡ u(1|1) ⊂ su(2|1) ⊂ su(2|2) ⊂ . . . . (1.5)
The characteristic feature of this sort of extensions is that the relevant superalgebras
necessarily contain, besides an analog of the Hamiltonian H , also additional bosonic
generators which form some internal symmetry subgroups commuting with the “would-
be” Hamiltonian. They appear in the closure of the supercharges, and do not commute
with the latter (as opposed, e.g., to the central charges in the Poincare´ superalgebras).
Though the chain (1.5) is certainly non-unique, in the sense that one could imagine some
other extensions of u(1|1) among its links, the superalgebras written down in (1.5) are
distinguished in that they seem to be minimal deformations of the N = 4 and N = 8
one-dimensional Poincare´ superalgebras: they go over into the latter, when taking the
contraction limit with respect to some dimensionful parameter.
The supergroup SU(2|1) as the alternative of the standard worldline N = 4, d = 1
supersymmetry in SQM models already appeared in literature under the name “weak
supersymmetry” [4] (see also [5, 6]), though no explicit identification of the latter with
SU(2|1) was made1 and no systematic methods of constructing such new SQM models
were given. One of the basic aims of the present paper is to develop such methods, which
would be applicable not only to SU(2|1), but also to the case of the supergroup SU(2|2)
and, hopefully, to other interesting examples of this type.
We construct the worldline superfield approach to SU(2|1) and demonstrate that most
of the off-shell multiplets of N = 4, d = 1 supersymmetry have the well-defined SU(2|1)
analogs. In particular, the models considered in [4] are based on the SU(2|1) multiplet
(1, 4, 3) , and we reproduce these models from our superfield approach. Some peculiarities
of their quantum spectra find a natural explanation in the framework of the SU(2|1)
representation theory [8], based on the property that the relevant Casimir operators have
a notable expression in terms of the Hamiltonian. This supergroup has also invariant
chiral subspaces which are natural carriers of the chiral superfields encompassing off-shell
multiplets (2, 4, 2), for which we also construct general superfield and component actions.
An interesting new feature of these actions is the inevitable presence of the bosonic d = 1
Wess-Zumino terms of the first order in time derivative, parallel with the standard second-
order kinetic terms. We also show that SU(2|1) admits a supercoset which is an analog
of the harmonic analytic superspace of the standard N = 4, d = 1 supersymmetry [9].
This means that one can define SU(2|1) analogs of the “root” N = 4 multiplet (4, 4, 0)
and of the multiplet (3, 4, 1) by embedding them into the appropriate harmonic analytic
superfields. Detailed analysis of these and related issues (including, e.g., the appropriate
generalization of the d = 1 superfield gauging procedure [10]) will be given elsewhere.
1A complexified version of SU(2|1) as a hidden symmetry of some N = 2 SQM model with higher
derivatives (and ghosts) was found in [7].
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The paper is organized as follows. The SU(2|1) superspace is constructed in Section
2. The study of the SU(2|1) SQM models based on the multiplet (1, 4, 3) is performed in
Sections 3 and 4. The similar study for the (2, 4, 2) multiplets is the subject of Sections 5
and 6. The summary and some problems for the future analysis are the contents of Section
7. In Appendix A, some special cases of the quantum (2, 4, 2) models are considered. In
Appendix B we briefly treat the (1, 4, 3) and (2, 4, 2) models in the equivalent N = 2,
d = 1 superfield language and show that they supply examples of deformed N = 2
supersymmetric mechanics.
2 SU(2|1) superspace
2.1 The su(2|1) algebra
We start with the following form of the (centrally-extended) superalgebra su(2|1):
{Qi, Q¯j} = 2m
(
I ij − δijF
)
+ 2δijH ,
[
I ij , I
k
l
]
= δkj I
i
l − δilIkj ,[
I ij , Q¯l
]
=
1
2
δijQ¯l − δilQ¯j ,
[
I ij, Q
k
]
= δkjQ
i − 1
2
δijQ
k,
[
F, Q¯l
]
= −1
2
Q¯l ,
[
F,Qk
]
=
1
2
Qk. (2.1)
All other (anti)commutators are vanishing.
The dimensionless generators I ij and F generate U(2) symmetry, while the mass-
dimension generator H commutes with everything and so can be interpreted as the central
charge generator. In the quantum-mechanical realization of SU(2|1) we will be interested
in, this generator becomes just the canonical Hamiltonian, while in the superspace re-
alization it is interpreted as the time-translation generator. The mass parameter m is
arbitrary and it is introduced in order to separate the generator H from the internal sym-
metry generator F which possesses non-trivial commutation relations with the fermionic
generators. It can be treated as the contraction parameter: sending m → 0 leads to
the standard N = 4, d = 1 Poincare´ superalgebra. In the limit m = 0 , the generators
I ij and F become the U(2) automorphism generators of this N = 4, d = 1 superalgebra.
It is worth mentioning that the full automorphism group of the flat N = 4, d = 1 is
SO(4) ∼ SU(2) × SU(2) and, after reduction, F is recognized as belonging just to the
second SU(2) factor in this product. At m 6= 0 , only the generator F is present, as the
only counterpart of the second automorphism SU(2) of the m = 0 case.
The central extension (2.1) is in fact isomorphic to the semi-direct sum of the gen-
uine su(2|1) superalgebra (without central charge) and an external automorphism (R-
symmetry) U(1) generator [1]. Passing to the new basis in (2.1) as (H,F ) → (F ′ =
F − 1
m
H,F ) , we observe that in this basis the generator F ′ becomes the internal U(1)
generator which, together with Qi, Q¯i, I
i
j, form the centerless su(2|1) algebra, while F be-
comes the outer automorphism U(1) generator possessing the same commutation relations
with the supercharges as in (2.1). Despite this difference, in what follows we will refer to
(2.1) as the su(2|1) superalgebra, hoping that this will not give rise to any confusion.
Note that the substitutions
m→ −m, Qi → Q¯i , Q¯j → −Qj , I ij → εjkεilIkl , H → H , F → −F (2.2)
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leave the superalgebra (2.1) intact, i.e. they constitute an automorphism of (2.1). This
means that the cases of positive and negative m are in fact equivalent, and so in what
follows we can limit our consideration to m > 0 .
2.2 Coset superspace
The supergroup SU(2|1) can be realized by left shifts on a few coset supermanifolds. The
supercosets which have appeared so far in diverse variants of the super Landau problem
with SU(2|1) as the target space supersymmetry include SU(2|1)/U(1|1) ((2|2) dimen-
sional supersphere, with the sphere S2 as the bosonic submanifold)[11], SU(2|1)/[U(1)×
U(1)] ((2|4) dimensional superflag, again with S2 as the bosonic submanifold)[12] and
SU(2|1)/U(2) (purely odd coset of the dimension (0|4))[13, 14]. One could also consider,
e.g., the supercoset SU(2|1)/U(1) with S3 as the bosonic submanifold and the full SU(2|1)
group manifold as a superextension of S1 × S3 (or R1 × S3). In all these realizations the
coset parameters are regarded as some worldline fields, in accordance with the treatment
of SU(2|1) as a nonlinearly realized internal supersymmetry. The relevant Hamiltonians
are purely external: they commute with all SU(2|1) generators, but never come out in
the closure of the latter.
Here we will be interested in the SU(2|1) coset of the entirely different type. It is a
direct analog of the standard N = 4, d = 1 superspace [9, 15], with the coset parameters
being identified with the coordinates, not with the fields. The fields will finally appear as
the components of the appropriate superfields given on this supercoset. The splitting of
the U(2) singlet generator in (2.1) into the H and F parts plays the crucial role for the
possibility to define such a coset supermanifold in the self-consistent way. We place the
U(2) generators into the stability subgroup and are left with H , Qi and Q¯
i as the coset
generators
SU(2|1)
SU(2)× U(1) ∼
{Qi, Q¯j, H, I ij, F}
{I ij, F}
. (2.3)
The corresponding superspace coordinates {t, θi, θ¯j} are then identified with the parame-
ters associated with these coset generators. An element of this supercoset can be conve-
niently parametrized as
g = exp
(
itH + iθ˜iQ
i − i ˜¯θjQ¯j
)
, (2.4)
where2
θ˜i =
[
1− 2m
3
(
θ¯ · θ)] θi . (2.5)
2.3 Cartan forms
Prior to giving how SU(2|1) is realized on the superspace coordinates, it is convenient to
calculate the left-covariant Cartan one-forms. They are defined by the standard relation
Ω := g−1dg = e−Bd eB + i dtH = i∆θiQ
i − i∆θ¯jQ¯j + i∆hji I ij + i∆hˆ F + i∆tH , (2.6)
2We use the convention
(
θ¯ · θ) = θ¯kθk
4
where
B := i
(
θ˜iQ
i − ˜¯θjQ¯j
)
. (2.7)
Using the nilpotency property of the fermionic coordinates and the (anti)commutation
relations (2.1), it is straightforward to find the explicit expressions for the Cartan forms
∆θi = dθi +m
(
dθlθ¯
lθi − dθiθ¯kθk
)
+
m2
4
dθi
(
θ¯ · θ)2 ,
∆θ¯j = dθ¯j −m (dθ¯lθlθ¯j − dθ¯jθkθ¯k)+ m2
4
dθ¯j
(
θ¯ · θ)2 ,
∆t = dt + i
(
dθiθ¯
i + dθ¯iθi
) [
1− 2m (θ¯ · θ)] ,
∆hˆ = −im (dθiθ¯i + dθ¯iθi) [1− 2m (θ¯ · θ)] ,
∆hji = im
[
dθiθ¯
j + dθ¯jθi − 1
2
δji
(
dθlθ¯
l + dθ¯lθl
)] [
1− 3m
2
(
θ¯ · θ)]
−im
2
2
(
dθlθ¯
l + dθ¯lθl
) [
θ¯jθi − 1
2
δji
(
θ¯ · θ)] . (2.8)
2.4 Transformation properties
The transformation properties of the superspace coordinates under the left shifts with the
parameters ǫi and ǫ¯
j , as well as the induced infinitesimal transformations belonging to
the stability subgroup (I ij , F ), can be found from the general formula(
1 + iǫiQ
i − iǫ¯iQ¯i
)
g = g ′ h , (2.9)
where
h = 1 +
(
iδhji I
i
j + iδhˆ F
)
. (2.10)
Eqs. (2.9), (2.10) are equivalent to the relation
g−1
(
iǫiQ
i − iǫ¯iQ¯i
)
g = g−1δg + iδhji I
i
j + iδhˆ F. (2.11)
Taking into account that g−1δg is given by the same formulas (2.6) - (2.8), with δ in place
of d, it is easy to find the basic ǫ transformations of the superspace coordinates
δθi = ǫi + 2m (ǫ¯ · θ) θi , δθ¯j = ǫ¯i − 2m
(
ǫ · θ¯ ) θ¯i,
δt = i
[(
ǫ · θ¯ )+ (ǫ¯ · θ)] , (2.12)
and the induced u(2) elements
δhˆ = −im [(ǫ · θ¯ )+ (ǫ¯ · θ)] ,
δhji = im
(
ǫiθ¯
j + ǫ¯jθi − 1
2
δji
[(
ǫ · θ¯ )+ (ǫ¯ · θ)]) [1− m
2
(
θ¯ · θ)]
− 3im
2
2
[(
ǫ · θ¯ )+ (ǫ¯ · θ)] [θ¯jθi − 1
2
δji
(
θ¯ · θ)] . (2.13)
The integration measure defined as
µ := dt d2θ d2θ¯
[
1 + 2m
(
θ¯ · θ)] (2.14)
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is invariant under these transformations, δµ = 0 . Note that this measure can be computed
by the general formula
µ := dt d2θ d2θ¯ BerE AM , (2.15)
where BerE AM is the Berezinian (superdeterminant) of the super-vielbein defined as
EA = dZME AM , dZ
M =
(
dt, dθi, dθ¯
k
)
, EA =
(
∆t,∆θi,∆θ¯
k
)
. (2.16)
From the general transformation law of the Cartan form Ω,
Ω ′ = hΩh−1 − dh h−1 , (2.17)
we find its infinitesimal transformation
δΩ =
[(
iδhji I
i
j + iδhˆ F
)
,Ω
]
− dh h−1 . (2.18)
Thus all the component Cartan forms, except those belonging to the stability subalgebra
(I ik, F ) , homogeneously transform in SU(2|1) .
The remaining SU(2|1) transformations of the superspace coordinates are contained
in the closure of the ǫ and ǫ¯ transformations. They can easily be found by computing the
Lie brackets of (2.12).
Having found the superspace realization of the ǫ transformations, we can define the
corresponding generators as the appropriate differential operators:(
δθi, δθ¯
i, δt
)
= i
[
ǫiQ
i − ǫ¯jQ¯j ,
(
θi, θ¯
i, t
)]
, (2.19)
whence
Qi = −i ∂
∂θi
+ 2imθ¯iθ¯j
∂
∂θ¯j
+ θ¯i
∂
∂t
,
Q¯j = i
∂
∂θ¯j
+ 2imθjθk
∂
∂θk
− θj ∂
∂t
. (2.20)
Their anticommutators yield the superspace realization of the bosonic generators I ij , F,H :
I ij =
(
θ¯i
∂
∂θ¯j
− θj ∂
∂θi
)
− 1
2
δij
(
θ¯k
∂
∂θ¯k
− θk ∂
∂θk
)
,
H = i∂t, F =
1
2
(
θ¯k
∂
∂θ¯k
− θk ∂
∂θk
)
. (2.21)
It is a direct exercise to check that the operators (2.20) and (2.21) indeed form the su(2|1)
algebra (2.1) with respect to (anti)commutation.
Note that the same differential operators (taken with the minus sign) realize SU(2|1)
on the superfields having no external U(2) indices, i.e. on the U(2) scalar superfields.
To construct the realization of SU(2|1) on the superfields forming non-trivial U(2) mul-
tiplets, one should extend (2.20) and (2.21) by the matrix parts δhji I˜
i
j and δhˆF˜ , with
the parameters ǫi , ǫ¯
i being separated. Here, I˜ ij and F˜ are matrix generators of the U(2)
representation by which the given superfield is rotated with respect to its external indices.
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2.5 Covariant derivatives
The covariant derivatives of some superfield ΦB(t, θi, θ¯
j) , where B is the index of some
U(2) representation, can be found from the general expression for its covariant differential
DΦA := dΦA +
[
i∆hji I˜
i
j + i∆hˆ F˜
]B
A
ΦB ≡
[
∆θiDi −∆θ¯jD¯j +∆tDt
]
ΦA . (2.22)
The covariant derivatives Di, D¯j,DH are read off from this definition as
Di =
[
1 +m
(
θ¯ · θ)− 3m2
4
(
θ¯ · θ)2] ∂
∂θi
−mθ¯iθj ∂
∂θj
− iθ¯i ∂
∂t
+mθ¯iF˜ −mθ¯j I˜ ij +
m2
2
(
θ¯ · θ) θ¯j I˜ ij − m22 θ¯iθ¯jθkI˜kj ,
D¯j = −
[
1 +m
(
θ¯ · θ)− 3m2
4
(
θ¯ · θ)2] ∂
∂θ¯j
+mθ¯kθj
∂
∂θ¯k
+ iθj
∂
∂t
−mθj F˜ +mθkI˜kj −
m2
2
(
θ¯ · θ) θkI˜kj + m22 θj θ¯lθk I˜kl ,
Dt = ∂t . (2.23)
They form the algebra which mimics su(2|1) 3 :
{Di, D¯j} = 2m
(
I˜ ij − δijF˜
)
+ 2iδijDt ,
[
I˜ ij, I˜
k
l
]
= δil I˜
k
j − δkj I˜ il ,[
I˜ ij, D¯l
]
= δilD¯j −
1
2
δijD¯l ,
[
I˜ ij,Dk
]
=
1
2
δijDk − δkjDi,[
F˜ , D¯l
]
=
1
2
D¯l ,
[
F˜ ,Dk
]
= −1
2
Dk. (2.24)
3 The multiplet (1,4,3)
3.1 Constraints
Now we are ready to define the properly constrained SU(2|1) superfields encompassing the
appropriate analogs of the irreducible off-shell multiplets of the standard N = 4, d = 1
supersymmetry. As the first example we consider an analog of the multiplet (1, 4, 3)
[16, 17].
This multiplet is described by the real neutral superfield G satisfying the SU(2|1)
covariantization of the standard (1, 4, 3) multiplet constraints
εljD¯l D¯jG = εljDlDjG = 0 . (3.1)
They are solved by4
G = x−mx (θ¯ · θ) [1− 2m (θ¯ · θ)] + x¨
2
(
θ¯ · θ)2 − i (θ¯ · θ) (θi ψ˙i + θ¯j ˙¯ψj)
+
[
1− 2m (θ¯ · θ)] (θi ψi − θ¯j ψ¯j)+ θ¯jθiBij , Bkk = 0 . (3.2)
3When computing the anticommutator of the covariant spinor derivatives, it is assumed that the U(2)
matrix parts of the spinor derivative standing on the left properly act also on the doublet index of the
derivative on the right.
4The superfield G is fixed by (3.1) up to an additive constant which we set equal to zero without loss
of generality.
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We see that the irreducible set of the off-shell component fields is x(t), ψi(t), ψ¯i(t), B
i
j(t)(B
k
k =
0), i.e., G reveals just the (1, 4, 3) content. In the contraction limit m = 0 , it is reduced
to the ordinary (1, 4, 3) superfield.
The ǫ transformation law of G,
δG = −i [ǫiQi − ǫ¯jQ¯j , G] , (3.3)
implies the following transformation laws for the component fields:
δx =
(
ǫ¯ · ψ¯)− (ǫ · ψ) , δψi = iǫ¯ix˙−mǫ¯ix+ ǫ¯kBik ,
δBij = −2i
(
ǫjψ˙
i + ǫ¯i ˙¯ψj − 1
2
δij
[
ǫkψ˙
k + ǫ¯k ˙¯ψk
])
+2m
(
ǫ¯iψ¯j − ǫjψi − 1
2
δij
[
ǫ¯kψ¯k − ǫkψk
])
. (3.4)
3.2 The invariant Lagrangian
Using the definition (2.14), we can construct the general Lagrangian and action for the
SU(2|1) multiplet (1, 4, 3) as
L = −
∫
d2θ d2θ¯
[
1 + 2m
(
θ¯ · θ)] f(G) , S = ∫ dtL . (3.5)
Note that the superfield Lagrangian density in (3.5) is defined up to the shift
f → f + c1G + c0 , (3.6)
where c0, c1 are arbitrary real constants. It follows from (3.2) that after integrating over
θ, θ¯ these additional terms yield total derivatives and so they do not contribute to the full
action S .
Doing the Berezin integral in (3.5), we obtain the component off-shell Lagrangian
L = [x˙2 + i(ψ¯iψ˙i − ˙¯ψiψi)]g(x) + 1
2
BijB
j
i g(x)− Bij
(
1
2
δji ψ¯kψ
k − ψ¯iψj
)
g′(x)
−1
2
(
ψ¯iψ
i
)2
g′′(x) + 2mψ¯iψ
ig(x) +mxψ¯iψ
ig′(x)−m2x2g(x) , (3.7)
where g := f ′′ and primes mean differentiation in x , f ′ = ∂xf , etc. The absence of the
explicit f and f ′ in the component action reflects the freedom (3.6).
As the next standard step, we eliminate the auxiliary fields Bij by their algebraic
equations of motion,
Bij =
g′(x)
g(x)
(
1
2
δijψ¯kψ
k − ψ¯jψi
)
, (3.8)
and rewrite the Lagrangian in terms of x and ψi:
L = [x˙2 + i(ψ¯iψ˙i − ˙¯ψiψi)]g(x)− 1
2
(
ψ¯iψ
i
)2 [
g′′(x)− 3 (g
′(x))2
2g(x)
]
−m2x2g(x) + 2mψ¯iψig(x) +mxψ¯iψig′(x). (3.9)
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It is invariant, modulo a total time derivative, under the following on-shell odd transfor-
mations:
δx = ǫ¯kψ¯k − ǫkψk ,
δψi = iǫ¯ix˙−mǫ¯ix−
(
ǫ¯kψ¯kψ
i − 1
2
ǫ¯iψ¯kψ
k
)
g′(x)
g(x)
, and c.c. . (3.10)
The Lagrangian (3.9) can be simplified by passing to the new bosonic field y(x) with
the free kinetic term. From the equality
x˙2g(x) =
1
2
y˙2 (3.11)
we find the equation
[y′(x)]2 = 2g(x) ⇒ y′ =
√
2g , (3.12)
and (3.9) is rewritten in the form
L = 1
2
y˙2 +
i
2
(ζ¯iζ˙
i − ˙¯ζiζ i)− m
2x2
2
[y′(x)]2 +mζ¯iζ
i
[
1 +
xy′′(x)
y′(x)
]
−1
2
(
ζ¯iζ
i
)2(y′′′(x)y′(x)− 2[y′′(x)]2
[y′(x)]4
)
, (3.13)
where we defined ζ i = ψiy′(x). Solving (3.12) for x, x = x(y), and defining V (y) =
xy′(x) = x(y) 1
x′(y)
, we obtain5
L = 1
2
y˙2 +
i
2
(ζ¯iζ˙
i − ˙¯ζiζ i)− m
2
2
V 2(y) +mζ¯iζ
iV ′(y)− 1
2
(
ζ¯iζ
i
)2
∂y
[
V ′(y)− 1
V (y)
]
. (3.14)
Thus we have finally obtained the Lagrangian involving an arbitrary function V (y) (it
is only required to be regular at y = 0 ). In the new representation the supersymmetry
transformations acquire the form
δy = ǫ¯k ζ¯k − ǫkζk,
δζ i = iǫ¯iy˙ −mǫ¯iV (y)− (ǫkζkζ i + ǫ¯kζ¯kζ i − ǫ¯iζ¯kζk) V ′(y)− 1
V (y)
. (3.15)
After redefinitions
ζ i =
1√
2
(
µ¯i − µi) , ζ¯i = 1√
2
(µ¯i + µi) ,
ǫ˜i =
1√
2
(ǫ¯i − ǫi) , ˜¯ǫj = 1√
2
(
ǫ¯j + ǫj
)
, V˜ (y) = mV (y), (3.16)
the Lagrangian (3.14) and the transformation rules (3.15) are recognized as defining the
general SQM model with “weak” N = 4 supersymmetry [4]. Thus this model is the
on-shell version of the general SU(2|1) symmetric model of a single (1, 4, 3) multiplet. In
what follows, we will stick to our original choice of the fermionic variables.
5The x derivative of V (y(x)) is represented as Vx = V
′(y)yx
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4 Quantum (1,4,3) oscillator model
4.1 Basics
Let us consider the simplest Lagrangian
L = 1
2
x˙2 − 1
2
m2x2 +
i
2
(ψ¯iψ˙
i − ˙¯ψiψi) +mψ¯iψi, (4.1)
which corresponds to the choice
g = 1/2 ⇒ f(x) = 1
4
x2 + c0x+ c1 , (4.2)
in (3.9). This Lagrangian is invariant under the transformations
δx =
(
ǫ¯ · ψ¯)− (ǫ · ψ) , δψi = iǫ¯ix˙−mǫ¯ix . (4.3)
The corresponding conserved Noether charges are easily calculated to be:
Qi = ψi (p− imx) , Q¯i = ψ¯i (p+ imx) ,
F =
1
2
ψkψ¯k , I
i
j = ψ
iψ¯j − 1
2
δijψ
kψ¯k . (4.4)
The Poisson brackets are imposed as6
{x, p} = 1 , {ψi, ψ¯j} = −iδij . (4.5)
The corresponding canonical Hamiltonian reads
H =
p2
2
+
m2x2
2
+mψiψ¯i . (4.6)
Its bosonic part is just the Hamiltonian of harmonic oscillator. We quantize the brackets
(4.5) in the standard way
[xˆ, pˆ] = i , {ψˆi, ˆ¯ψj} = δij , pˆ = −i∂x , ˆ¯ψj = ∂/∂ψˆj , (4.7)
and use the relation
[(pˆ− imxˆ) , (pˆ+ imxˆ)] = 2m (4.8)
to represent the quantum Hamiltonian as
Hˆ =
1
2
(pˆ + imxˆ) (pˆ− imxˆ) +mψˆi ˆ¯ψi . (4.9)
The quantum operators associated with the remaining Noether charges are
Qˆi = ψˆi (pˆ− imxˆ) , ˆ¯Qi = ˆ¯ψi (pˆ+ imxˆ) , (4.10)
Fˆ =
1
2
ψˆk ˆ¯ψk , Iˆ
i
j = ψˆ
i ˆ¯ψj − 1
2
δijψˆ
k ˆ¯ψk . (4.11)
6For fermionic fields these are in fact Dirac brackets.
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One can check that they indeed form the superalgebra su(2|1):
{Qˆi, ˆ¯Qj} = 2δijHˆ + 2m
(
Iˆ ij − δijFˆ
)
,[
Iˆ ij,
ˆ¯Ql
]
=
1
2
δij
ˆ¯Ql − δil ˆ¯Qj ,
[
Iˆ ij , Qˆ
k
]
= δkj Qˆ
i − 1
2
δijQˆ
k,[
Iˆ ij, Iˆ
k
l
]
= δkj Iˆ
i
l − δil Iˆkj ,
[
Fˆ , ˆ¯Ql
]
= −1
2
ˆ¯Ql ,
[
Fˆ , Qˆk
]
=
1
2
Qˆk. (4.12)
Note that there is a freedom of adding some constants to Hˆ and Fˆ , in such a way that
the sum Hˆ −mFˆ remains intact. Using this freedom, one can, e.g., cast Hˆ in the form
which corresponds to just making replacements (4.7) in the classical Hamiltonian (4.6).
In what follows, we will deal with the quantum operators defined as in (4.9) - (4.11).
For further use, we give the expressions for the second- and third-order Casimir op-
erators C2, C3 of SU(2|1). The explicit form of these operators in terms of the SU(2|1)
generators can be found, e.g., in [11, 14]. We will use the following concise representation
for the Casimirs,
4m2C2 = C
i
i , 12m
3C3 = 6m
3F ′(1 + 2C2) +mI
i
kC
k
i , (4.13)
where
F ′ = F − 1
m
H , C ij = 2m
2 δij F
′2 −m2 {I il , I lj}+m [Qi, Q¯j] . (4.14)
These expressions are valid irrespective of the particular realization of the SU(2|1)
generators. For our quantum-mechanical realization (4.9) - (4.11) they are reduced to the
following nice form
m2C2 = Hˆ
(
Hˆ −m
)
, m3C3 = Hˆ
(
Hˆ −m
)(
Hˆ − m
2
)
. (4.15)
Thus they are fully specified by the energy spectrum of the quantum Hamiltonian.
4.2 Wave functions and spectrum
We construct the Hilbert space of wave functions in terms of wave functions of bosonic
harmonic oscillator, to which the system (4.10), (4.9) is reduced, when discarding the
fermions.
The generic super wave function Ω(ℓ) at the energy level ℓ shows up the four-fold
degeneracy due to the ψ-expansion7
Ω(ℓ) = a(ℓ)|ℓ〉+ b(ℓ)i ψi|ℓ− 1〉+
1
2
c(ℓ) εijψ
iψj|ℓ− 2〉, ℓ ≥ 2 , (4.16)
where |ℓ〉, |ℓ− 1〉, |ℓ− 2〉 are the harmonic oscillator functions at the relevant levels and
a(ℓ), b(ℓ), c(ℓ) are some numerical coefficients. We treat the operators pˆ ± imx in (4.9)
7Our definition of super wave functions is different from that of [4] because of a different choice of the
fermionic variables. The two sets are related through the similarity transformation ψ → χ ,Ω→ Ω˜ , with
χk = −e−Uψk eU , χ¯k = e−U ψ¯k eU , Ω˜ = e−UΩ , U = π
8
(εijψ
iψj − εijψ¯iψ¯j) .
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and (4.10) as the creation and annihilation operators and impose the standard physical
conditions
ˆ¯ψk|ℓ〉 = 0, (pˆ− imxˆ) |0〉 = 0, (pˆ+ imxˆ) |ℓ〉 = |ℓ+ 1〉. (4.17)
The spectrum of the Hamiltonian (4.9) is then
Hˆ Ω(ℓ) = mℓΩ(ℓ), m > 0, ℓ ≥ 0. (4.18)
We observe that the ground state (ℓ = 0) and the first excited states (ℓ = 1) are
special, in the sense that they encompass non-equal numbers of bosonic and fermionic
states:
Ω(0) = a(0) |0〉 , Ω(1) = a(1) |1〉+ b(1)i ψi|0〉 . (4.19)
The ground state is annihilated by all SU(2|1) generators including Qi and Q¯i, so
it is an SU(2|1) singlet. The states with ℓ = 1 can be shown to form the fundamental
representation of SU(2|1). The action of the supercharges on these states is given by
Qi ψk|0〉 = 0 , Q¯i ψk|0〉 = δki |1〉 ,
Qi |1〉 = 2mψi|0〉 , Q¯i |1〉 = 0 . (4.20)
It is instructive to see what values the Casimir operators (4.15) take on all these states.
The values of Casimir operators for the finite-dimensional SU(2|1) representations can be
written in the following generic form [8]
C2 = (β
2 − λ2), C3 = β(β2 − λ2) = βC2. (4.21)
These representations are characterized by some positive number λ (“highest weight”),
which can be half-integer or integer, and an arbitrary additional real number β , which is
related to the eigenvalues of the internal U(1) generator F ′ . Comparing (4.21) with the
expressions (4.15) and using the formula for the energy spectrum (4.18), we find that in
our case λ = 1/2 for any Ω(ℓ) and
C2(ℓ) = (ℓ− 1) ℓ, C3(ℓ) = (ℓ− 1/2) (ℓ− 1) ℓ, β(ℓ) = ℓ− 1/2 . (4.22)
The ground state with ℓ = 0 is atypical, because Casimir operators take zero values on
it. On the states with ℓ = 1 both Casimirs vanish as well, so these states also form an
atypical SU(2|1) representation. On the ℓ > 1 states both Casimirs are non-zero, so these
states belong to the typical SU(2|1) representations characterized by equal numbers of
the bosonic and fermionic states.
Defining the inner product of the states as
〈Ω|Ψ〉 =
∫ ∞
−∞
dxΩ†Ψ , (4.23)
one can check that the states Ω(ℓ) for different ℓ are orthogonal with respect to this product
and the norms of these states are positive-definite. For instance,
〈0|0〉 =
∫ ∞
−∞
dx exp
(−mx2) =√ π
m
. (4.24)
12
The norm of the state Ω(ℓ) is defined as
||Ω(ℓ)||2 = 〈Ω
(ℓ)|Ω(ℓ)〉
〈ℓ|ℓ〉 . (4.25)
Hence, for the wave functions (4.16), (4.19) we find the following manifestly positive
norms:
||Ω(ℓ)||2 = a¯(ℓ)a(ℓ) + b¯
(ℓ)ib
(ℓ)
i
2mℓ
+
c¯(ℓ)c(ℓ)
4m2 (ℓ− 1) ℓ, ℓ ≥ 2,
||Ω(1)||2 = a¯(1)a(1) + b¯
(1)ib
(1)
i
2m
, ||Ω(0)||2 = a¯(0)a(0). (4.26)
4.3 Exotic SU(2) symmetry
Let us define the operators Bˆ± belonging to the universal enveloping algebra of su(2|1):
Bˆ+ =
ˆ¯Q2
ˆ¯Q1 = (pˆ+ imxˆ)
2 ˆ¯ψ2
ˆ¯ψ1 , Bˆ− = Qˆ
1Qˆ2 = (pˆ− imxˆ)2 ψˆ1ψˆ2 . (4.27)
Defining also the operator
Bˆ3 = 2m
2C2
(
1− ψˆk ˆ¯ψk
)
, (4.28)
we observe that at every level with C2 6= 0, i.e. with ℓ ≥ 2, these three operators generate
the algebra su(2): [
Bˆ+, Bˆ−
]
= 2Bˆ3 ,
[
Bˆ3, Bˆ±
]
= ±4m2C2Bˆ± . (4.29)
The whole algebra is non-vanishing only on the bosonic states (|ℓ〉 , εijψiψj|ℓ−2〉), which
form doublets of this su(2). The fermionic states are singlets. This extra su(2) algebra
commutes with the Hamiltonian and with the su(2) subalgebra of su(2|1), while the
fermionic U(1) charge operator Fˆ defines its outer automorphism. It is instructive to
quote the Casimir operator of this su(2) algebra
B2 = 2m2C2 {B+, B−}+ (B3)2 = 12m4(C2)2
(
1− ψˆk ˆ¯ψk
)2
. (4.30)
Using the definition (4.27), it is also easy to show that
{
Bˆ+, Bˆ−
}
= 4m2C2
(
1− ψˆk ˆ¯ψk
)2
. (4.31)
On the fermionic states ψi|ℓ − 1〉 this anticommutator vanishes, while on the bosonic
states it becomes {
Bˆ+, Bˆ−
}
= 4m2C2 = 4Hˆ(Hˆ −m) . (4.32)
Thus, the operators Bˆ+, Bˆ− can be interpreted as generators of some “N = 2 super-
algebra” acting only on the bosonic states and possessing the “Hamiltonian” which is
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quadratic in the Hamiltonian of the original SU(2|1) invariant system. Just this “super-
algebra” was constructed in [4] in order to establish a link with the so called “N -fold”
supersymmetries, which are defined by the nonlinear algebras of the type (4.32) (see [18]
and references therein). Our consideration in the framework of the simple oscillator model
shows that the relevant product “supercharges” (4.27) are in fact generators of some extra
bosonic su(2) algebra which belongs to the universal enveloping of su(2|1) and is such
that the full space of quantum states is split into its doublets and singlets. The relevant
nonlinear “Hamiltonian” proves to be the quadratic Casimir of su(2|1). It is an open
question whether this interpretation applies to the case of the general quantum (1, 4, 3)
models.
5 The multiplets (2,4,2)
5.1 Chiral SU(2|1) superspaces
The supergroup SU(2|1) admits two mutually conjugated complex supercosets which can
be identified with the left and right chiral subspaces:
(tL, θi) ,
(
tR, θ¯
i
)
. (5.1)
The relevant complex even coordinates are related to the real time coordinate t via
tL = t+
i
2m
lnK, tR = t− i
2m
lnK, K =
[
1 + 2m
(
θ¯ · θ)] . (5.2)
The Grassmann coordinates θi and θ¯
i are same as in (2.12). The relations (5.2) uniquely
follow, up to unessential shifts tL → tL + aθ2 , tR → tR + a¯θ¯2 , from requiring the sets
(5.1) to be closed under the SU(2|1) transformations. The latter act on the so defined
coordinates (tL, θi) ,
(
tR, θ¯
i
)
as
δθi = ǫi + 2m (ǫ¯ · θ) θi , δtL = 2i (ǫ¯ · θ) , and c.c. . (5.3)
The multiplet (2, 4, 2) is described by a complex superfield Φ subjected to the chirality
condition and possessing a fixed external U(1) charge8
D¯jΦL = 0, I˜ ijΦ = 0, F˜Φ = 2κΦ. (5.4)
The general solution of (5.4) reads:
Φ(t, θ, θ¯ ) = e2iκm(tL−t)ΦL(tL, θ) =
[
1 + 2m
(
θ¯ · θ)]−κ ΦL(tL, θ),
ΦL(tL, θ) = z +
√
2 θiξ
i + εijθiθjB. (5.5)
In the central basis {t, θi, θ¯k} the same superfield is written as
Φ(t, θ, θ¯ ) = z +
√
2 θiξ
i + εijθiθjB + i
(
θ¯ · θ)∇tz +√2 i (θ¯ · θ) θi∇tξi
−1
2
(
θ¯ · θ)2 [2im∇tz +∇2tz] , (5.6)
8In principle, we could ascribe to it also a non-trivial external SU(2) index, but we do not consider
here such complications.
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where
∇t = ∂t + 2iκm, ∇¯t = ∂t − 2iκm . (5.7)
The chiral superfield having the F˜ charge 2κ transforms as
δΦ ≃ Φ′(t′, θ′, θ¯′)− Φ(t, θ, θ¯) =
(
iδhˆF˜ + iδhji I˜
i
j
)
Φ = 2κm
(
ǫiθ¯
i + ǫ¯jθj
)
Φ ⇐⇒
δΦL(tL, θ) = 4κm
(
ǫ¯jθj
)
ΦL(tL, θ). (5.8)
The corresponding generators Qi, Q¯i can be easily found, but we do not quote them here.
The superfield transformation laws (5.8) induce the following transformations for the
component fields
δz = −
√
2 ǫiξ
i, δξi =
√
2 iǫ¯i∇tz −
√
2 εikǫkB,
δB = −
√
2 εikǫ¯
k
[
mξi + i∇tξi
]
. (5.9)
5.2 The Lagrangian
The general Lagrangian involves the function f
(
Φ,Φ†
)
, which is an analog of the Ka¨hler
potential of the standard N = 4 mechanics based on the multiplet (2, 4, 2) [19]:
L(k) = 1
4
∫
d2θ d2θ¯
[
1 + 2m
(
θ¯ · θ)] f (Φ,Φ†) . (5.10)
If κ = 0, the potential f
(
Φ,Φ†
)
can be an arbitrary function of its arguments, without
breaking of the U(1) invariance generated by F . For κ 6= 0, the U(1) invariance necessarily
implies that f
(
Φ,Φ†
)
= f˜
(
ΦΦ†
)
because the U(1) generator F has a non-trivial matrix
part in this case, δΦ = 2iκαΦ , δΦ¯ = −2iκαΦ¯ .
The general component Lagrangian reads:
L = −1
4
fz∇2t z −
1
4
fz¯∇¯2t z¯ −
1
4
fzz (∇tz)2 − 1
4
fz¯z¯
(∇¯tz¯)2 + 1
2
g∇¯tz¯∇tz
− im
2
(
fz¯∇¯tz¯ − fz∇tz
)− i
2
(
ξ¯ · ξ) (∇¯tz¯gz¯ −∇tzgz)+ i
2
(
ξ¯i∇tξi + ξi∇¯tξ¯i
)
g
+m
(
ξ¯ · ξ) g + 1
2
(
ξ¯ · ξ)2 gzz¯ +BB¯g + 1
2
εklξ
kξlB¯gz +
1
2
εklξ¯kξ¯lBgz¯ , (5.11)
where g := fzz¯ is the metric on a Ka¨hler manifold
9. After eliminating the auxiliary field
B by its equation of motion,
B = − 1
2g
εklξ
kξlgz , (5.12)
the Lagrangian can be rewritten as
L = g ˙¯zz˙ + 2iκm ( ˙¯zz − z˙z¯) g − im
2
( ˙¯zfz¯ − z˙fz)− i
2
(
ξ¯ · ξ) ( ˙¯zgz¯ − z˙gz)
+
i
2
(
ξ¯iξ˙i − ˙¯ξiξi
)
g −m2V −m (ξ¯ · ξ)U + 1
2
(
ξ¯ · ξ)2R, (5.13)
9Here, the lower case indices denote the differentiation in z, z¯: fzz¯ = ∂z∂z¯f .
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where
V = κ (z¯∂z¯ + z∂z) f − κ2 (z¯∂z¯ + z∂z)2 f,
U = κ (z¯∂z¯ + z∂z) g − (1− 2κ) g ,
R = gzz¯ − gzgz¯
g
. (5.14)
The on-shell transformations read
δz = −
√
2 ǫiξ
i, δξi =
√
2 iǫ¯i∇tz +
√
2 ǫkξ
kξi
gz
g
. (5.15)
It is worth pointing out that, at κ 6= 0 , one has to choose f(z, z¯) = f˜(zz¯) in both
the off-shell and the on-shell component Lagrangians (5.11) and (5.13). Only under this
restriction the κ 6= 0 Lagrangians are invariant, modulo a total derivative, with respect
to the transformations (5.9) and (5.15).
To close this subsection, let us summarize a few peculiar features of the Lagrangian
(5.13) at m 6= 0, which distinguish it from its standard Ka¨hler (2, 4, 2) counterpart
(recovered in the limit m = 0 ).
• The m 6= 0 Lagrangian contains the bosonic potential V (z, z¯) which is expressed in
terms of the “Ka¨hler potential” f and vanishes at κ = 0.
• In addition, there is a new Yukawa-type coupling ∼ U which is also determined by
f and survives at κ = 0 .
• The m 6= 0 Lagrangian contains two d = 1 WZ terms ∼ κm and ∼ m. At κ = 0,
one of them vanishes, while the other retains.
• These WZ terms necessarily accompany the Ka¨hler kinetic term ∼ z˙ ˙¯z and so are
prescribed by the SU(2|1) supersymmetry. No such terms can be defined for the
standard linear N = 4, d = 1 chiral multiplet (2, 4, 2) [19].
5.3 Superpotential
When κ 6= 0, we can also add to L(k) the potential term
L(p) = m˜
[∫
d2θF (ΦL) + c.c.
]
. (5.16)
As opposed to the case of standard N = 4 mechanics [19], in the SU(2|1) case the
superfield potential F is severely constrained by the requirement of compensating the
non-trivial transformation of the chiral measure dtLd
2θ:
δdtLd
2θ = −2mdtLd2θ (ǫ¯jθj). (5.17)
The only possibility to ensure the invariance is to choose the potential as
L(p) = m˜
[∫
d2θ (ΦL)
1
2κ + c.c.
]
=
m˜
κ
[
Bz(
1
2κ
−1) + B¯z¯(
1
2κ
−1)
]
+
m˜
2κ
(
1
2κ
− 1
)[
εikξ
iξkz(
1
2κ
−2) + εikξ¯iξ¯kz¯
( 1
2κ
−2)
]
, (5.18)
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where m˜ is an extra parameter of the mass dimension. The potential term takes the
simplest form ∼ B + B¯ at 2κ = 1. For κ = 0 , no potential terms are possible at all. For
simplicity, in what follows we will limit our consideration to the option m˜ = 0 .
5.4 Hamiltonian formalism
Performing the Legendre transformation, we define the classical Hamiltonian as:
H = g−1
(
pz − i
2
mfz +
i
2
gz ξ
kξ¯k + 2iκmz¯g
)(
pz¯ +
i
2
mfz¯ − i
2
gz¯ ξ
kξ¯k − 2iκmzg
)
+m2V +m
(
ξ¯ · ξ)U − 1
2
(
ξ¯ · ξ)2R . (5.19)
By Noether prescription we can calculate the supercharges (Qi)
†
= Q¯i and the remaining
bosonic charges:
Qi =
√
2 ξi
(
pz − i
2
mfz +
i
2
gz ξ
kξ¯k
)
, Q¯j =
√
2 ξ¯j
(
pz¯ +
i
2
mfz¯ − i
2
gz¯ ξ
kξ¯k
)
,
F = −2iκ (zpz − z¯pz¯)−
(
2κ− 1
2
)
g ξkξ¯k , I
i
j = g
[
ξiξ¯j − 1
2
δijξ
kξ¯k
]
. (5.20)
For κ 6= 0 ,
f
(
Φ,Φ†
)
= f˜
(
ΦΦ†
)⇒ f(z, z¯) = f˜(zz¯), (5.21)
and we can cast the Hamiltonian (5.19) in the following form
H = g−1
(
pz − i
2
mfz +
i
2
gzξ
kξ¯k
)(
pz¯ +
i
2
mfz¯ − i
2
gz¯ξ
kξ¯k
)
− 2iκm (zpz − z¯pz¯)
−m (1− 2κ) (ξ¯ · ξ) g − 1
2
(
ξ¯ · ξ)2R. (5.22)
The κ = 0 form of the Hamiltonian (5.19) coincides with that of (5.22) without any
restrictions on the function f(z, z¯). One of the admissible choices of f(z, z¯) in the κ = 0
case is, as before, f(z, z¯) = f˜(zz¯) .
The Poisson (Dirac) brackets are imposed as:
{z, pz} = 1, {ξi, ξ¯j} = −iδij g−1 . (5.23)
To prepare the system for quantization, it is useful to make the substitution(
z, ξi
) −→ (z, ηi) , ηi = g 12 ξi. (5.24)
In terms of the new variables, the brackets become
{z, pz} = 1, {ηi, η¯j} = −iδij , {pz, ηi} = {pz, η¯j} = 0 . (5.25)
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The Noether charges (5.20) and the Hamiltonian (4.6) are rewritten as
Qi =
√
2 ηig−
1
2
(
pz − i
2
mfz +
i
2
g−1gz η
kη¯k
)
,
Q¯j =
√
2 η¯j g
− 1
2
(
pz¯ +
i
2
mfz¯ − i
2
g−1gz¯ η
kη¯k
)
, (5.26)
F = −2iκ (zpz − z¯pz¯)−
(
2κ− 1
2
)
ηkη¯k, I
i
j = η
iη¯j − 1
2
δijη
kη¯k , (5.27)
H = g−1
(
pz − i
2
mfz +
i
2
g−1gz η
kη¯k
)(
pz¯ +
i
2
mfz¯ − i
2
g−1gz¯ η
kη¯k
)
−2iκm (zpz − z¯pz¯) +m (1− 2κ) ηkη¯k − 1
2
g−2R
(
ηkη¯k
)2
. (5.28)
5.5 Quantization
We quantize the brackets (5.25) in the standard way,
[zˆ, pˆz] = i , {ηˆi, ˆ¯ηj} = δij , [pˆz, ηˆi] = [pˆz, ˆ¯ηj] = 0 ,
pˆz = −i∂z , ˆ¯ηj = ∂
∂ηˆj
, (5.29)
and use the relation [∇z, ∇¯z¯] = mg − 1
2
g−1R
(
ηˆk ˆ¯ηk − ˆ¯ηkηˆk
)
, (5.30)
where
∇z = −i∂z − i
2
mfz +
i
2
g−1gz
(
ηˆk ˆ¯ηk − 1
)
,
∇¯z¯ = −i∂z¯ + i
2
mfz¯ +
i
2
g−1gz¯
(
ˆ¯ηkηˆ
k − 1) . (5.31)
The general scheme of passing from the classical supercharges to the quantum ones
was described in [20]. It involves two steps.
1. First, one has to Weyl-order the supercharges. The Weyl-ordered supercharges act
on super wave functions with the inner product
〈Ω|Ψ〉 =
∫
dz dz¯
∏
i
dηi dη¯i exp{η¯kηk}Ω†Ψ. (5.32)
2. As the next step, one passes to the covariant supercharges, which act on the Hilbert
space with the more natural, geometrically motivated inner product
〈Ω|Ψ〉 =
∫
g dz dz¯
∏
i
dηi dη¯i exp{η¯kηk}Ω†(cov)Ψ(cov). (5.33)
They are related to the Weyl-ordered supercharges through the similarity transfor-
mation (
Qˆi, ˆ¯Qj
)
cov
= g−
1
2
(
Qˆi, ˆ¯Qj
)
g
1
2 . (5.34)
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As the result of this procedure, we obtain the following quantum operators
Qˆi(cov) =
√
2 ηˆi g−
1
2∇z , ˆ¯Q(cov)j =
√
2 ˆ¯ηj g
− 1
2 ∇¯z¯ ,
Fˆ = −2κ (zˆ∂z − ˆ¯z∂z¯)−
(
2κ− 1
2
)
ηˆk ˆ¯ηk , Iˆ
i
j = ηˆ
i ˆ¯ηj − 1
2
δij ηˆ
k ˆ¯ηk . (5.35)
They satisfy the su(2|1) superalgebra (4.12) with the quantum Hamiltonian
Hˆ = g−1 ∇¯z¯∇z − 2κm
(
zˆ∂z − ˆ¯z∂z¯
)
+m (1− 2κ) ηˆk ˆ¯ηk − 1
4
g−2Rεklε
nj ηˆkηˆl ˆ¯ηn ˆ¯ηj. (5.36)
Note that the second term in (5.36) can be re-absorbed into a redefinition of the external
magnetic field in∇z, ∇¯z at cost of appearance of some bosonic potential. We will explicitly
do this in the next Section.
Let us also define one more U(1) generator
Eˆ = − (zˆ∂z − ˆ¯z∂z¯)− ηˆk ˆ¯ηk . (5.37)
It commutes with all SU(2|1) generators, provided that f(z, z¯) = f˜(zz¯). Thus, in this case
there is an extra U(1) generator playing the role of external Casimir operator of the su(2|1)
superalgebra. In the next Section we will see, on the simple example, that the presence
of this U(1) generator proves crucial for finding the quantum spectrum. Note that, since
both operators Eˆ and Fˆ commute with Hˆ , the same is true for the fermionic number
operator ηˆk ˆ¯ηk which is a linear combination of these two conserved U(1) generators. It is
seen from (5.35) that at κ = 0, when there are no restrictions on f(z, z¯) , the fermionic
number operator coincides (up to the factor 1/2) with the generator Fˆ .
6 The model on a plane
6.1 Lagrangian and Hamiltonian
The model on a plane corresponds to the simplest choice of the Ka¨hler potential in (5.10):
f
(
Φ,Φ†
)
= ΦΦ†. (6.1)
For this particular case, the general component Lagrangian (5.13) is reduced to
L = ˙¯zz˙ + im
(
2κ− 1
2
)
( ˙¯zz − z˙z¯) + i
2
(
ξ¯iξ˙i − ˙¯ξiξi
)
+ 2κ (2κ− 1)m2z¯z
+ (1− 2κ)m (ξ¯ · ξ) . (6.2)
It is invariant under the transformations
δz = −
√
2 ǫiξ
i, δξi =
√
2 iǫ¯iz˙ − 2
√
2κmǫ¯iz . (6.3)
In accordance with the notations of the previous Section, we will deal with the set of
variables (z, ηi) (in the considered case ξi ≡ ηi, since g = 1). The corresponding canonical
Hamiltonian (5.28) is reduced to the expression
H =
[
pz − i
2
(1− 4κ)mz¯
] [
pz¯ +
i
2
(1− 4κ)mz
]
+ 2κ (1− 2κ)m2z¯z
+ (1− 2κ)mηkη¯k , (6.4)
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or to the alternative expression
H =
(
pz − i
2
mz¯
)(
pz¯ +
i
2
mz
)
− 2iκm (zpz − z¯pz¯) +m (1− 2κ) ηkη¯k . (6.5)
Quantization is performed in the standard way
[zˆ, pˆz] = i , {ηˆi, ˆ¯ηj} = δij , [pˆz, ηˆi] = [pˆz, ˆ¯ηj] = 0 ,
pˆz = −i∂z , ˆ¯ηj = ∂
∂ηˆj
. (6.6)
The quantum Hamiltonian
Hˆ = ∇¯z¯∇z − 2κm
(
zˆ∂z − ˆ¯z∂z¯
)
+m (1− 2κ) ηˆk ˆ¯ηk (6.7)
and the quantum operators
Qˆi =
√
2 ηˆi∇z , ˆ¯Qj =
√
2 ˆ¯ηj∇¯z¯ , (6.8)
Fˆ = −2κ (z∂z − z¯∂z¯)−
(
2κ− 1
2
)
ηˆk ˆ¯ηk , Iˆ
i
j = ηˆ
i ˆ¯ηj − 1
2
δij ηˆ
k ˆ¯ηk , (6.9)
form the su(2|1) superalgebra (4.12). Here,
∇z = −i∂z − i
2
mz¯ , ∇¯z¯ = −i∂z¯ + i
2
mz ,
[∇z, ∇¯z¯] = m. (6.10)
The Hamiltonian (6.7) can be rewritten, up to a constant shift 2mκ, in the form
analogous to the classical expression (6.4)
Hˆ = −
[
∂z+
1
2
(1−4κ)mz¯
][
∂z¯− 1
2
(1−4κ)mz
]
+2κ(1−2κ)m2zz¯+(1− 2κ)m ηˆk ˆ¯ηk . (6.11)
It is seen from this representation that we are dealing with a superextension of the two-
dimensional harmonic oscillator with the strength 2κ(1− 2κ)m2, supplemented by a cou-
pling to the external magnetic field Az = − i2(1− 4κ)m z¯ , Az¯ = i2(1− 4κ)mz .
For further use, it will be instructive to know the explicit expressions of the SU(2|1)
Casimir operators defined in (4.13). For the specific realization of the quantum SU(2|1)
generators (6.7) and (6.9) they are
m2C2 =
(
Hˆ − 2κmEˆ
)(
Hˆ − 2κmEˆ −m
)
,
m3C3 =
(
Hˆ − 2κmEˆ
)(
Hˆ − 2κmEˆ −m
)(
Hˆ − 2κmEˆ − m
2
)
. (6.12)
Comparing these expressions with those for the (1, 4, 3) oscillator model, eqs. (4.15), we
observe that they involve, besides the Hamiltonian Hˆ , also the extra U(1) generator Eˆ
defined in (5.37) and commuting with all SU(2|1) generators.
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6.2 Wave functions and spectrum
It is convenient to seek the bosonic wave function Ω as an eigenfunction of the mutually
commuting U(1) operator (5.37) and the Hamiltonian (6.7). The corresponding eigenvalue
problem is set by the equations
(a) Eˆ Ω = nΩ, (b) Hˆ Ω = E Ω = mqΩ. (6.13)
The equation (a) yields10
Ω = z¯nA (w) , w ≡ zz¯ . (6.14)
Then the equation (b) amounts to the following one for A (w):[
−w∂2w − (1 + n)∂w +
m2
4
w − m
2
]
A (w) = m
(
q − 2κn+ n
2
)
A (w) . (6.15)
It is solved by
A(w) = e−
mw
2 L
(n)
q−2κn(mw), (6.16)
where L
(n)
q−2κn(mw) are the generalized Laguerre polynomials. Thus the eigenvalue problem
for Hˆ can be rewritten as
Hˆ Ω(ℓ;n) = E (ℓ;n)Ω(ℓ;n) , (6.17)
with
E (ℓ;n) = m(ℓ + 2κn) (6.18)
and
Ω(ℓ;n) = z¯ne−
mzz¯
2 L
(n)
ℓ (mzz¯) =
z−n
ℓ!
e
mzz¯
2
dℓ
dwℓ
(
e−mwwn+ℓ
)∣∣∣∣
w=zz¯
. (6.19)
According to the definition of Laguerre polynomials, ℓ is a non-negative integer, ℓ ≥ 0.
The orthogonality of Ω(ℓ;n) with respect to the inner product,
〈Ω(ℓ1;n1)|Ω(ℓ2;n2)〉 :=
∫
dz dz¯
(
Ω(ℓ1;n1)
)†
Ω(ℓ2;n2) =
π(n+ ℓ)!
ℓ!mn+1
δℓ1ℓ2 δn1n2 , (6.20)
is necessary for the super wave functions to form the complete orthogonal set. This
orthogonality condition constrains n to the integer values n ≥ −ℓ 11. The integral in
(6.20) is convergent for m > 0 12. The energies are positive and Hˆ (6.11) is bounded from
below only under the following restriction on the parameter κ:
0 ≤ κ ≤ 1/2 . (6.21)
10We could equally choose, from the very beginning, the solution with negative n, Ω′ = z|n|A′(w) . The
corresponding sets of wave functions are related through the complex conjugation.
11For the negative values of n , 0 > n > −ℓ , the wave functions (6.19) remain regular at z = 0 .
12For m < 0, we can take advantage of the equivalent redefinition (2.2) to bring all the quantum
relations and formulas to the same form as for m > 0 , with m→ |m| .
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The wave functions Ω(ℓ;n) satisfy the relations
∇z Ω(ℓ;n) = imΩ(ℓ−1;n+1), (∇z + imz¯)Ω(ℓ;n) = imΩ(ℓ;n+1),
∇¯z¯ Ω(ℓ;n) = −i (ℓ+ 1)Ω(ℓ+1;n−1),
(∇¯z¯ − imz)Ω(ℓ;n) = −i (ℓ+ n) Ω(ℓ;n−1),
∇z Ω(0;n) = 0,
(∇¯z¯ − imz)Ω(ℓ;−ℓ) = 0 , (6.22)
which follow from the definition (6.19). The operators (∇z + imz¯) ,
(∇¯z¯ − imz) com-
mute with the covariant momenta ∇z, ∇¯z¯. Using (6.22), we can obtain the convenient
representation for the generic Ω(ℓ;n) as
Ω(ℓ;n) =
(−i)n
ℓ!mℓ+n
(∇¯z¯)ℓ (∇z + imz¯)ℓ+n Ω(0;0)(w), (6.23)
where Ω(0;0)(w) is the ground state wave function:
Ω(0;0)(w) = e−
mzz¯
2 . (6.24)
Acting on Ω(ℓ;n) by the supercharges Qi , we can produce all other common eigenstates
of the Hamiltonian Hˆ and the external U(1) charge operator Eˆ. In the process, one should
take account of the physical condition:
η¯j Ω
(ℓ;n) = 0 ⇒ Q¯j Ω(ℓ;n) = 0 . (6.25)
Using the relations (6.22), it is easy to find
QiΩ(ℓ;n) = im
√
2 ηiΩ(ℓ−1;n+1), εijQ
iQj Ω(ℓ;n) = −2m2 εijηiηj Ω(ℓ−2;n+2) . (6.26)
Then the super wave functions,
Ψ(ℓ;n) = a(ℓ;n)Ω(ℓ;n) + b
(ℓ;n)
i η
iΩ(ℓ−1;n+1) +
1
2
c(ℓ;n) εijη
iηj Ω(ℓ−2;n+2), ℓ ≥ 2,
Ψ(1;n) = a(1;n) Ω(1;n) + b
(1;n)
i η
iΩ(0;n+1),
Ψ(0;n) = a(0;n) Ω(0;n) , (6.27)
span the full Hilbert space of quantum states of the model. We observe that the “ground
states” (ℓ = 0) and the first excited states (ℓ = 1) are special, in the sense that they
encompass non-equal numbers of bosonic and fermionic states. The eigenvalues of the
operators Eˆ and Hˆ are given by
Eˆ Ψ(ℓ;n) = nΨ(ℓ;n), Hˆ Ψ(ℓ;n) = E (ℓ;n)Ψ(ℓ;n) , E (ℓ;n) = m (2κn+ ℓ) . (6.28)
The “ground states” are annihilated by both supercharges
QiΩ(0;n) = Q¯iΩ
(0;n) = 0 . (6.29)
The true ground state annihilated also by Hˆ corresponds to n = 0 or κ = 0, n 6= 0. The
second option shows up a degeneracy parametrized by the number n (see below). For
generic κ there is an infinite tower of the “ground states” parametrized by n, with the
energy E (0;n) = 2κmn . They all are annihilated by both supercharges. The combination
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Hˆ −mFˆ yields zero on all these states, but it cannot be chosen as the “genuine” Hamil-
tonian, since it generically does not commute with the supercharges (e.g., when acting on
the states with ℓ 6= 0 ). These surprising features of the quantum picture are in a sharp
contrast with what happens in the standard N = 4 SQM based on the chiral (2, 4, 2)
multiplet (see, e.g., [21, 20]).
Since for each n we are dealing with finite-dimensional representations of su(2|1)
realized on the super wave functions, the Casimir operators are given by the same general
expression as in (4.21). Using the formulas (6.28) and (6.12), we find that λ = 1/2 for
any Ψ(ℓ;n) and
C2(ℓ) = (ℓ− 1) ℓ, C3(ℓ) = (ℓ− 1/2) (ℓ− 1) ℓ, β(ℓ) = ℓ− 1/2 . (6.30)
These values coincide with those pertinent to the oscillator model (eq. (4.22)). Thus in
the (2, 4, 2) model under consideration the Hilbert space is spanned by the same irreps
of SU(2|1) as in the oscillator (1, 4, 3) model. As distinct from the latter, at any fixed
level ℓ one finds an infinite tower of irreps parametrized by n ≥ −ℓ and exhibiting an
equidistant energy spectrum, with spacing 2κ .
Supercharges do not depend on κ and, as a result, the super wave functions Ψ(ℓ;n)
involve no κ-dependent terms in their η-expansions. The parameter κ is still present in
the Hamiltonian (6.7) and in the internal U(1) generator Fˆ . As was already mentioned, in
the anticommutator {Qˆ, ˆ¯Q} there appears just the combination Hˆ −mFˆ , which involves
no dependence on κ.
The norms of all super wave functions (6.27) are positive-definite. Using the inner
product (6.20), we define the norms as
||Ψ(ℓ;n)||2 = 〈Ψ
(ℓ;n)|Ψ(ℓ;n)〉
〈Ω(ℓ;n)|Ω(ℓ;n)〉 . (6.31)
This yields the following manifestly positive norms
||Ψ(ℓ;n)||2 = a¯(ℓ;n)a(ℓ;n) + b¯
(ℓ;n)ib
(ℓ;n)
i
mℓ
+
c¯(ℓ;n)c(ℓ;n)
m2 (ℓ− 1) ℓ, ℓ ≥ 2,
||Ψ(1;n)||2 = a¯(1;n)a(1;n) + b¯
(1;n)ib
(1;n)
i
m
, ||Ψ(0;n)||2 = a¯(0;n)a(0;n). (6.32)
6.3 Degeneracies
At some special values of κ the considered model reveals degeneracies in the energy
spectrum, which amounts to the property that the symmetry algebra su(2|1) is properly
enhanced in these cases. Here we consider the cases κ = 0 and κ = 1/2, leaving the
discussion of two other, more complicated options for Appendix.
6.3.1 κ = 0
In this case the su(2|1) superalgebra is extended by the operators (∇z + imz¯) ,
(∇¯z¯ − imz),
which commute with the Hamiltonian (6.7) and generate what is called the “magnetic
translation” algebra [24]. These operators also commute with all other su(2|1) generators,
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so we are dealing with a direct sum of su(2|1) and the magnetic translation algebra. The
associated degeneracy is revealed in the property that at any level ℓ the energy does not
depend on the parameter n
E (ℓ;n) = mℓ. (6.33)
The wave function at the energy level ℓ is given by the sum
Ψℓ =
∞∑
n=−ℓ
sℓ nΨ
(ℓ;n) , Hˆ(κ=0)Ψℓ = mℓΨℓ , (6.34)
where sℓ n are arbitrary coefficients. It is easy to check, that the ground state Ψ0 have a
simple expression through some antiholomorphic function S(z¯):
Ψ0 = e
−mzz¯
2 S(z¯), S(z¯) =
∞∑
n=0
s0n z¯
n . (6.35)
From this representation, it immediately follows, in particular, that
QˆiΨ0 =
ˆ¯QjΨ0 = 0 . (6.36)
6.3.2 κ = 1/2
In this case the fermionic terms entirely drop out from the Hamiltonian (6.7), so the latter
becomes purely bosonic and commuting with the fermionic operators ηˆi, ˆ¯ηj . It is easy to
check that the κ = 1/2 Hamiltonian also commutes with the operators ∇z, ∇¯z¯ . The
full set of the additional bosonic and fermionic integrals of motion, ηˆi, ˆ¯ηj,∇z, ∇¯z¯ , does
not commute with the rest of the su(2|1) generators; the superalgebra of these “magnetic
supertranslations” forms a semi-direct sum with su(2|1). The basic new non-vanishing
(anti)commutators of this extended inhomogeneous superalgebra are given by
[Qˆi, ∇¯z¯] =
√
2mηˆi , {Qˆi, ˆ¯ηj} =
√
2δij∇z ,
[ ˆ¯Qj ,∇z] = −
√
2mˆ¯ηj , { ˆ¯Qi, ηj} =
√
2δji ∇¯z¯ . (6.37)
The relevant infinite degeneracy of the energy levels is manifested in the structure of
the generic super wave function for 2κ = 1
Ψq =
∞∑
ℓ=0
dℓ qΨ
(ℓ;q−ℓ), Hˆ(κ=1/2)Ψq = mqΨq , q = 0, 1, 2 . . . , (E = mq) (6.38)
where dℓ q are some numerical coefficients. As distinct from the case (6.34), here the
degeneracy arises between super-wave functions belonging to different ℓ levels, in accord
with the property that the new symmetry generators ηˆi, ˆ¯ηj ,∇z, ∇¯z¯ mix various terms in
the sum (6.38), for instance,
ηˆiΨ(ℓ;q−ℓ) ∼ Ψ(ℓ+1;q−ℓ−1) , ˆ¯ηjΨ(ℓ;q−ℓ) ∼ Ψ(ℓ−1;q−ℓ+1) , ˆ¯ηjΨ(0;q) = 0 .
The action of the bosonic operators ∇z, ∇¯z¯ can be found from the relations (6.22). The
SU(2|1) supercharges take each super wave function in the sum (6.38) into itself.
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The ground state Ψ0 (E = 0, q = 0) in this case is
Ψ0 =
∞∑
ℓ=0
dℓ 0Ψ
(ℓ;−ℓ). (6.39)
Using the formula
Ω(ℓ;−ℓ) = e−
mzz¯
2
(−m)ℓ
l!
zℓ ,
one can represent Ψ(ℓ;−ℓ) for a given ℓ as
Ψ(ℓ;−ℓ) = e−
mzz¯
2
[
a˜(ℓ) z
ℓ + b˜(ℓ) i η
izℓ−1 + c˜(ℓ) εij η
iηjzℓ−2
]
, (6.40)
where a˜(ℓ), b˜(ℓ) i, c˜(ℓ) are arbitrary numerical coefficients, with the only restrictions b˜(0) i =
c˜(0) = c˜(1) = 0 . Substituting this into the sum (6.39), we can present the ground state
wave function as
Ψ0 = e
−mzz¯
2
[D0(z) +D1i(z) ηi +D2(z) εij ηiηj] , (6.41)
where D0(z),D1i(z),D2(z) are arbitrary holomorphic functions, analytic at z = 0.
Clearly, this infinitely degenerated ground state is not annihilated by the supercharges
Qˆi, Q¯i. Acting by the latter on the super wave functions (6.40), we observe that only
Ψ(0;0) = const e−
mzz¯
2 is vanishing under this action, so it is the only SU(2|1) singlet
ground-state wave function. For any other ℓ we encounter non-trivial finite-dimensional
representations of SU(2|1). For ℓ = 1 , it is an atypical fundamental representation,
with one bosonic and two fermionic vacuum states. At any ℓ ≥ 2 , the vacuum states
are grouped into the typical multiplets, with two bosonic and two fermionic states. The
Casimir operators (6.12) take the values (6.30) on all these multiplets. Though Hˆ in
(6.12) is zero for the vacuum states, the extra U(1) charge generator Eˆ is non-vanishing,
EˆΨ(ℓ;−ℓ) = −ℓΨ(ℓ;−ℓ) .
7 Conclusions and outlook
By this paper, we initiated the systematic study of new class of the deformed models of
supersymmetric quantum mechanics, based upon the superfield approach. We constructed
d = 1 superspace realizations of the simplest supergroup SU(2|1) which can be treated as
a deformation of the N = 4, d = 1 super Poincare´ symmetry by mass parameter m. We
showed that SU(2|1), d = 1 supersymmetry admits off-shell realizations on the multiplets
(1, 4, 3) and (2, 4, 2), like its standard N = 4, d = 1 prototype. The relevant most general
superfield and component actions were constructed, the quantization was performed and,
in a few simple cases, the eigenvalue problems for the relevant Hamiltonians were solved.
In the (1, 4, 3) case, our results basically coincide with those of ref. [4], and we identify
the weak supersymmetry models proposed there with the SU(2|1) SQM models of single
(1, 4, 3) multiplet. The SU(2|1) invariant off- and on-shell (2, 4, 2) models are essentially
new. Their basic novel features, as compared to the standard N = 4 supersymmetric
(2, 4, 2) SQM models, are the in-built presence of WZ terms in the component action and
appearance of one more free parameter κ, that is the U(1) charge associated with the
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internal U(1) generator F . The presence of this parameter has a salient impact on the
structure of the space of quantum states. For special values of κ there appear additional
interesting degeneracies. For instance, in a simple model without WZ term and κ = 1/4,
the worldline SU(2|1) symmetry is enhanced to SU(2|2) (see Appendix).
For the oscillator (1, 4, 3) and the plane (2, 4, 2) SQM models we analyzed the SU(2|1)
representation contents of the space of quantum states and found that in both cases they
necessarily involve at least one atypical SU(2|1) irrep, with vanishing Casimir operators
and unequal numbers of fermionic and bosonic states, apart from the singlet ground state
(the equality is restored only in the special case of κ = 1/4). Thus this mismatch between
bosonic and fermionic excited states, observed for the first time in [4] for the (1, 4, 3)
models, seems to be a generic feature of the SU(2|1) SQM models.
Our superfield approach enables an easy construction of the SU(2|1) SQM models
involving several (1, 4, 3) and/or (2, 4, 2) off-shell multiplets. Besides, the rest of non-
trivial N = 4, d = 1 multiplets, namely, the multiplets (3, 4, 1) and (4, 4, 0), seem also to
have the appropriate SU(2|1) counterparts, and it would be very interesting to consider
the corresponding SQM models. Indeed, these multiplets are naturally described by su-
perfields defined on the harmonic analytic N = 4 superspace [9], which has a counterpart
among the admissible coset manifolds of the supergroup SU(2|1). It is the following coset
{Qi, Q¯j , H, I ij, F}
{Q1, Q¯2, F, I12 , I11}
∼ {Q2, Q¯1, H, I21} .
The corresponding coset coordinates include half the original θ coordinates, the time t,
and additional harmonic coordinates of the complex internal coset SU(2)/{I12 , I11} .
Besides setting up new SU(2|1) SQM models along these lines and analyzing their
hidden links with the “N -fold” supersymmetries [18], quasi-exactly solvable models [22]
(a possible relation between the latter and weak supersymmetry was noticed in [4]), as
well as the higher-dimensional models exhibiting curved rigid supersymmetries, there is
one more intriguing problem for the future study. It would be tempting to extend our
d = 1 superspace formalism to some higher-rank supergroups as the curved analogs of
higher N one-dimensional Poincare´ supersymmetries (1.1). The natural choice is the
supergroup SU(2|2) extending SU(2|1). It involves eight supercharges and so is the
appropriate candidate for deformed N = 8, d = 1 supersymmetry. The closure of the
SU(2|2) supercharges contains two commuting SU(2) subalgebras and so this supergroup
admits as its super cosets, besides the standard harmonic analytic superspace, also analogs
of the bi-harmonic analytic superspaces [23].
Actually, this supergroup allows three independent central charges, and two of them
can be identified with two light-cone projections of the d = 2 translation operator. Thus
such a centrally-extended SU(2|2) could also be employed as a kind of d = 2 “weak
supersymmetry”, and the question is whether one can construct non-trivial d = 2 sigma
models based on such a deformation of the flat N = (4, 4) d = 2 supersymmetry. The
problem of generalizing the d = 1 weak supersymmetry to d = 2 was posed in [4] 13.
We would like to point out that various versions of the SU(2|2) supersymmetry already
13The possible existence of such unusual d = 2 supersymmetric systems does not contradict the
renowned Coleman-Mandula and Haag-Lopushanski-Sohnius no-go theorems, as the latter do not ap-
ply to one and two dimensions.
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appeared in the literature as the worldvolume on-shell symmetry of the Pohlmeyer-reduced
AdS3×S3 and AdS5×S5 superstrings [25], as well as the worldline on-shell symmetry of
N = 4 supersymmetric Landau problem [26]. The relevant off-shell superfield formalism
could help in getting further insights into the symmetry structure of these and similar
d = 1, 2 theories of current interest.
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A More on degeneracies in the model on a plane
A.1 κ = 1/4
This case is distinguished in that the WZ term in the Lagrangian (6.2) and, respectively,
the coupling to the magnetic field in the Hamiltonian (6.11), disappear:
L(κ=1/4) = ˙¯zz˙ + i
2
(
ξ¯iξ˙i − ˙¯ξiξi
)
− 1
4
m2z¯z +
1
2
m
(
ξ¯ · ξ) , (A.1)
Hˆ(κ=1/4) = −∂z¯ ∂z + m
2
4
z¯z +
m
2
ηˆk ˆ¯ηk . (A.2)
The Hamiltonian (A.2) is a fermionic extension of the two-dimensional oscillator
Hamiltonian. It commutes with the operators
Fˆ+ =
1
m
∇z (∇z + imz¯) , Fˆ− = 1
m
∇¯z¯
(∇¯z¯ − imz) . (A.3)
Together with Fˆ = −(z∂z− z¯∂z¯), they form the new algebra su(2), which commutes with
the original su(2) generators Iˆ ij . This extra su(2) algebra is none other than the well
known hidden su(2) symmetry algebra of the two-dimensional harmonic oscillator [27].
Acting by the new su(2) generators on the SU(2|1) supercharges, we obtain the new
complex doublet of supercharges Sˆi, ˆ¯Sj:
Sˆi =
√
2 ηˆi
(∇¯z¯ − imz) , ˆ¯Sj = √2 ˆ¯ηj (∇z + imz¯) . (A.4)
The operators (A.3), (A.4) extend the superalgebra su(2|1) to the centrally extended
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superalgebra su(2|2), with Hˆ as the central charge generator:
{Qˆi, ˆ¯Qj} = 2δijHˆ + 2m
(
Iˆ ij − δijFˆ
)
, {Qˆi, ˆ¯Sj} = 2mδijFˆ+,
{Sˆi, ˆ¯Sj} = 2δijHˆ + 2m
(
Iˆ ij + δ
i
jFˆ
)
, {Sˆi, ˆ¯Qj} = 2mδijFˆ−,[
Iˆ ij ,
ˆ¯Ql
]
=
1
2
δij
ˆ¯Ql − δil ˆ¯Qj ,
[
Iˆ ij, Qˆ
k
]
= δkj Qˆ
i − 1
2
δijQˆ
k,[
Iˆ ij ,
ˆ¯Sl
]
=
1
2
δij
ˆ¯Sl − δil ˆ¯Sj ,
[
Iˆ ij , Sˆ
k
]
= δkj Sˆ
i − 1
2
δijSˆ
k,[
Fˆ , ˆ¯Ql
]
= −1
2
ˆ¯Ql ,
[
Fˆ , Qˆk
]
=
1
2
Qˆk,
[
Fˆ+,
ˆ¯Ql
]
= ˆ¯Sl ,
[
Fˆ−, Sˆ
i
]
= −Sˆi,[
Fˆ , ˆ¯Sl
]
=
1
2
ˆ¯Sl ,
[
Fˆ , Sˆk
]
= −1
2
Sˆk,
[
Fˆ−,
ˆ¯Sl
]
= ˆ¯Ql ,
[
Fˆ−, Qˆ
i
]
= −Qˆi,[
Iˆ ij , Iˆ
k
l
]
= δkj Iˆ
i
l − δil Iˆkj ,
[
Fˆ+, Fˆ−
]
= 2Fˆ ,
[
Fˆ , Fˆ±
]
= ±Fˆ± . (A.5)
The extra U(1) generator Eˆ defines an outer automorphism of the extended algebra,[
Eˆ, ˆ¯Sl
]
= 2 ˆ¯Sl ,
[
Eˆ, Sˆk
]
= −2Sˆk,
[
Eˆ, Fˆ±
]
= ±2Fˆ± . (A.6)
At any fixed energy Eq = mq = m(ℓ + n/2), the numbers n and ℓ take the values
indicated in the Table
n 2q 2q − 2 . . . 0 . . . −2q + 2 −2q
ℓ 0 1 . . . q . . . 2q − 1 2q , .
The number q = ℓ + n/2 can be non-negative integer or half-integer:
q = 0, 1/2, 1, 3/2 . . . . (A.7)
The super wave function Ψq with the energy Eq is given by the finite sum
Ψq =
2q∑
ℓ=0
rℓ qΨ
(ℓ;2q−2ℓ), (A.8)
with rℓ q being some coefficients. This means that the super wave function Ψq has a finite
degeneracy. The ground state (E = 0, q = 0) is a su(2|2) singlet. The excited states Ψq,
with
q = 1/2, 1, 3/2 . . . , (A.9)
are combined into the SU(2|2) multiplets of dimension 8q, whence the degeneracy 8q.
This multiplet structure and degeneracy become manifest, when counting the numbers
of states in the η-expansion of Ψq:
η −monomial 1 η η2
degeneracy 2q + 1 4q 2q − 1 .
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Each excited energy level has an equal number of bosonic and fermionic states which
form some “short” SU(2|2) multiplet. Recall that such multiplets are characterized by
the “triple” [28]
〈n1, n2, ~C〉 , (A.10)
where n1, n2 are some positive integer numbers and ~C is a three vector with the three
admissible SU(2|2) central charges as the components. The dimensionality of such a short
multiplet is given by the formula
d = 4(n1 + 1)(n2 + 1) + 4n1n2 . (A.11)
Our case with one central charge corresponds to n1 = 2q−1, n2 = 0 and ~C =
(
Hˆ/m, 0, 0
)
,
i.e. to the triple
〈2q − 1, 0, ~C〉, ~C = (q, 0, 0). (A.12)
Eq. (A.11) implies just d = 8q for these short SU(2|2) multiplets.
The simplest such multiplet, with q = 1/2, encompasses two super wave functions,
(Ψ(0;1) , Ψ(1;−1)) ,
and so involves two bosonic and two fermionic states. It is a sum of the singlet and an
atypical fundamental su(2|1) multiplets. The additional supercharges Si and S¯j transform
these wave functions into each other:
SiΨ(0;1) ∼ Ψ(1;−1) , SiΨ(1;−1) = 0 , S¯iΨ(0;1) = 0 , S¯iΨ(1;−1) ∼ Ψ(0;1) .
Our last observation concerning the κ = 1/4 case is as follows. Define the new super-
charges
Πˆi = Qˆi + εij ˆ¯Sj,
ˆ¯Πi =
ˆ¯Qi − εijSˆj. (A.13)
One can check that they form N = 4 Poincare´ superalgebra,{
Πˆi, ˆ¯Πj
}
= 4δijHˆ ,
{
Πˆi, Πˆj
}
= 0 , (A.14)
which is a subalgebra of the centrally-extended su(2|2), along with su(2|1) . This means
that the Hamiltonian (A.2) possesses the standard N = 4, d = 1 supersymmetry too.
The same phenomenon manifests itself as the property that the on-shell Lagrangian
(A.1) can be equivalently constructed by eliminating the auxiliary fields in the simple
N = 4, d = 1 superfield action of the standard chiral N = 4, d = 1 multiplet (2, 4, 2):
L = 1
4
∫
d2θ˜ d2 ˜¯θ Φ˜ Φ˜† +
m
2
[∫
d2θ˜ Φ˜2 + c.c.
]
, (A.15)
where Φ˜, Φ˜† are left and right chiral superfields. Commuting su(2|1) superalgebra and
N = 4 Poincare´ superalgebra realized on the same on-shell set (z, z¯, ηi, η¯i), we recover the
centrally-extended su(2|2) superalgebra as the closure of these two subalgebras.
Reversing the argument, one can say that the simplest N = 4 superextension of the
two-dimensional harmonic oscillator possesses hidden symmetries su(2|1) and su(2|2). We
have failed to find such a statement in the literature. For the time being, we do not know
whether this surprising duality extends off shell.
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A.2 General rational κ
Finally, we briefly consider the case when κ takes the rational values within the range
0 < κ < 1/2. Such rational κ can be represented as κ = a/2b, where a and b > a are
positive integers. The energies take the values:
Hˆ(κ=a/2b)Ψq = E ΨE = mqΨq , q = 1
b
(an + bℓ) ≥ 0 . (A.16)
Shifting n and ℓ as
n→ n± b , ℓ→ ℓ∓ a , (A.17)
one keeps the energy intact. Making such a shift twice or more times, we always obtain
the same energy mq. According to the relations (6.22), such shifts can be accomplished
by the successive action on the super wave function Ψ(ℓ;n) by the operators which are
composed as the proper products of the operators
∇z , (∇z + imz¯) , ∇¯z¯ ,
(∇¯z¯ − imz) , (A.18)
and commute with Hˆ(κ=a/2b). These products are uniquely found to be the powers of the
following “elementary” operators
J(ab) = (∇z)a (∇z + imz¯)b−a , J¯(ab) =
(∇¯z¯)a (∇¯z¯ − imz)b−a , b > a > 0 ,
J(ab)Ψ
(ℓ;n) ∼ Ψ(ℓ−a;n+b) , J¯(ab)Ψ(ℓ;n) ∼ Ψ(ℓ+a;n−b) . (A.19)
Note that the successive action of the operators J, J¯ on Ψ(ℓ;n) according to (A.19)
cannot take the numbers ℓ and n out of the range of their definition, i.e. ℓ ≥ 0, n ≥ −ℓ .
This can be checked, using the relations (6.22). For the boundary values a = 0, κ = 0
and a = b, κ = 1/2, these operators become the powers of the more elementary operators
(∇z + imz¯) ,
(∇¯z¯ − imz) and ∇z, ∇¯z¯ , which belong to the extended symmetry algebras
of these special cases. For κ = 1/4 such elementary generators are just Fˆ±, eq. (A.3),
and they correspond to the simplest suitable choice a = 1, b = 2 . In the generic case
the operators Jab, J¯ab cannot be reduced to the more elementary operators commuting
with Hˆ, and so they constitute nonlinear symmetry algebras. Commuting them with the
su(2|1) generators, we obtain some nonlinear extensions of su(2|1) 14.
B N = 2 superfield formulation
Sometimes, it is advantageous to reformulate a model with N extended supersymmetry
in terms of superfields of the lower N supersymmetry. The models with deformed N = 4
supermultiplets (1, 4, 3), (2, 4, 2) can also be described in terms of N = 2, d = 1 super-
fields, so that only some N = 2 supersymmetry subgroup of the full SU(2|1) supergroup
remains manifest. In particular, (1, 4, 3) amounts to the two N = 2 multiplets with the
off-shell contents (1, 2, 1) and (0, 2, 2), while the chiral multiplet (2, 4, 2) is represented
by the N = 2 chiral multiplets (2, 2, 0) and (0, 2, 2). These decompositions are similar
14A nonlinear extension of su(2|2) in the quantum-mechanical context was, e.g., considered in [29].
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to those for the standard N = 4, d = 1 supermultiplets (1, 4, 3) and (2, 4, 2) (see, e.g.,
[21]), but the transformation laws of the relevant N = 2 multiplets, even with respect to
the manifest N = 2 supersymmetry, prove to be deformed by terms ∼ m .
It will be convenient to choose as the N = 2 supercharges Q1 ≡ Q and Q¯1 ≡ Q¯, so
that
{Q, Q¯} = 2H1 , [H1, Q] =
[
H1, Q¯
]
= 0, H1 := H +m
(
I11 − F
)
. (B.1)
The relevant Hamiltonian H1 is shifted, relative to the canonical Hamiltonian H , by the
U(1) charge ∼ I11 − F . The latter commutes with both supercharges and so is a central
charge from the N = 2 subalgebra point of view; it becomes, however, “active” when
applied to other objects, e.g., the generators of the second N = 2 subalgebra (Q2, Q¯2) 15.
The orthogonal combination ∼ I11 + F defines the standard U(1) automorphism of the
N = 2 superalgebra (B.1), completing it to u(1|1).
B.1 The multiplet (1, 4, 3)
The passing to the N = 2 superfield notation is rendered by the following redefinitions
θi ≡ (θ, ϑ) , ǫi ≡ (ǫ, ε) , Qi ≡ (Q,Q) , ψi ≡ (χ, ψ) , and c.c.. (B.2)
The manifest N = 2, d = 1 supersymmetry acts as follows
δθ = ǫ, δθ¯ = ǫ¯, δt = i
(
ǫ θ¯ + ǫ¯ θ
)
,
δϑ = 2m (ǫ¯ θ)ϑ, δϑ¯ = −2m (ǫ θ¯) ϑ¯, (B.3)
while the rest of the SU(2|1) transformations (2.12) as
δϑ = ε, δϑ¯ = ε¯, δt = i
(
ε ϑ¯+ ε¯ ϑ
)
,
δθ = 2m (ε¯ ϑ) θ, δθ¯ = −2m (ε ϑ¯) θ¯ . (B.4)
We see that the set (t, θ, θ¯) is closed under the standard realization of N = 2, d = 1
supersymmetry, which, however, non-trivially acts on the extra Grassmann coordinates
ϑ, ϑ¯. The closure of two N = 2 transformations on these coordinates yields the phase
U(1) transformation generated just by the “central charge” generator appearing in (B.1).
Now, using the standard expressions for the N = 2 covariant derivatives D, D¯,
D = ∂
∂θ
− iθ¯ ∂
∂t
, D¯ = − ∂
∂θ¯
+ iθ
∂
∂t
. (B.5)
it is rather straightforward to show that the real SU(2|1) superfield G defined in (3.2) is
rewritten in the N = 2 superfield notation as
G = X +
[
1− 2mθ¯θ] (ϑ Ψ¯− ϑ¯Ψ)+ ϑϑ¯ [1− 2mθ¯θ](1
2
[D¯,D]X + 2mX) . (B.6)
15This activation of the central charge is reminiscent of the similar effect observed in some supersym-
metric d = 4 sigma models [30].
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Here the unconstrained bosonic N = 2 superfield X(t, θ, θ¯) comprises the N = 2 multiplet
(1, 2, 1)
X = x+ θ χ− θ¯ χ¯+ θθ¯ (A +mx) , δǫX ≃ X ′(t′, θ′, θ¯′)−X(t, θ, θ¯) = 0 , (B.7)
while Ψ, Ψ¯ are (anti)chiral fermionic N = 2 superfields describing the multiplet (0, 2, 2):
D¯Ψ = 0 , Ψ = ψ¯ + θB − iθθ¯ ˙¯ψ , (B.8)
δǫΨ = 2m (ǫ¯ θ)Ψ , δǫΨ¯ = −2m (ǫ θ¯) Ψ¯ . (B.9)
The real and complex auxiliary fields A and B in the θ expansions in (B.7) and (B.8) are
related to the components of the original triplet auxiliary field Bij . We see that the chiral
fermionic (0, 2, 2) superfields Ψ and Ψ¯ are transformed in the N = 2 supersymmetry with
non-trivial weight factors which disappear only in the limit m = 0 . The closure of two
N = 2 transformations on Ψ and Ψ¯ yield, besides the standard t shift generated by the
canonical part H of H1 in (B.1), also a non-trivial phase transformation generated by the
central charge part which is activated on these superfields.
The second pair of superchargesQ, Q¯ , which correspond to the hidden supersymmetry,
generates the transformations:
δεX = (1− 2mθ¯θ)(ε¯Ψ− ε Ψ¯), δεΨ¯ = ε¯D (D¯ − 2mθ)X. (B.10)
The simplest oscillator model action corresponding to the choice f(G) = 1
4
G2 in (3.5),
is written through N = 2 superfields as
S = −1
4
∫
dµG2 =
1
2
∫
dt dθ¯ dθ
[
−1
2
X
[D¯,D]X −mX2 +ΨΨ¯ + 2mθθ¯ΨΨ¯] . (B.11)
It is invariant under the superfield transformations (B.10) and (B.7), (B.9). The invariance
under (B.9) is ensured just due to the last term 2mθθ¯ΨΨ¯ which deforms the conventional
N = 2 superfield action of the N = 2 multiplets (1, 2, 1) and (0, 2, 2). This term is also
responsible for the shift of the canonical Hamiltonian Hˆ with respect to the Hamiltonian
Hˆ1 defined as the square of the N = 2 charges obeying (B.1):
Hˆ = Hˆ1 +mψˆ
ˆ¯ψ , Hˆ1 =
1
2
(pˆ + imxˆ) (pˆ− imxˆ) +mχˆ ˆ¯χ. (B.12)
Thus we conclude that in the considered model not only the hidden supersymmetry, but
also the manifest N = 2 supersymmetry undergo a deformation disappearing only in the
limit m = 0. This is generically true for the SU(2|1) models of self-interacting (1, 4, 3)
multiplet, as well as for the (2, 4, 2) models.
B.2 Degeneracy of quantum states: N = 2 supersymmetry view
It is instructive to compare the spectrum of the Hamiltonians Hˆ and Hˆ1 on the same set
of quantum states of the SU(2|1) oscillator model with the action (B.11). Both spectra
are characterized by the same linear dependence on the Landau level number ℓ,
E(ℓ) = E1(ℓ) = mℓ .
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However, they reveal two different patterns of degeneracy as is shown in the figure 1.
(a) The spectrum of Hˆ1. (b) The spectrum of Hˆ .
Figure 1: The degeneracy of Landau levels. Circles and crosses indicate bosonic and
fermionic states.
We see that the spectrum of Hˆ1 is split into two towers of N = 2 supersymmetry
multiplets, such that the left and right towers are built on the bosonic and fermionic zero-
energy ground states, respectively. These ground states are N = 2 singlets, while the
excited states reveal double degeneracy, as in any standard N = 2 SQM. The additional
degeneracy between the states from the left and right towers is related to the fact that
Hˆ1, as well as the N = 2 supercharges Qˆ = χˆ(pˆ− imx), ˆ¯Q = ˆ¯χ(pˆ + imx), commute with
the additional fermionic translation generators ψˆ, ˆ¯ψ (which do not belong to the su(2|1)
superalgebra)16. They also commute with the U(1) generator ψˆ ˆ¯ψ = Fˆ − Iˆ11 which takes
the eigenvalues 0 and 1 on all states from the left and the right towers, respectively. The
N = 2 superalgebra automorphism generator Fˆ + Iˆ11 = χˆ ˆ¯χ is zero on both ground states
and discriminates the fermionic and bosonic states at the excited levels inside each tower.
As regards the spectrum of Hˆ, the relation (B.12) between Hˆ and Hˆ1 and the fact that
all states in the right tower are eigenfunction of ψˆ ˆ¯ψ with the eigenvalue +1 imply that this
tower is lifted up just by one level compared to Fig 1(a). At the same time, the left tower
remains unaffected because ψˆ ˆ¯ψ is zero on all its states. Thus, the hidden supersymmetry
is restored and the former fermionic vacuum state combines with the first-level excited
N = 2 states, forming together three excited ℓ = 1 states belonging to the fundamental
representation of SU(2|1) . The action of the U(1) generators Fˆ ± Iˆ11 , as well as of the
N = 2 supercharges Qˆ, ˆ¯Q , on all states does not change. The degeneracy between the
excited levels from the left and right towers is now due to the hidden supersymmetry,
generators of which commute with Hˆ (but not with Hˆ1).
16The origin of this degeneracy can be explained as follows. The Hamiltonian H1 can be alternatively
viewed as the canonical one for the action (B.11), in which the last term ∼ θθ¯ is suppressed. Such
truncated N = 2 action reveals an invariance under the purely fermionic shifts Ψ → Ψ + ω , which is
responsible for the degeneracy just mentioned. Neither the full action (B.11) nor the genuine Hamiltonian
Hˆ possess such an extra “accidental” invariance.
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B.3 On the multiplet (2, 4, 2)
This SU(2|1) multiplet is described by the chiral bosonic and fermionic N = 2 superfields
Z and Π representing, respectively, the multiplets (2, 2, 0) and (0, 2, 2)
Z = z +
√
2 θ ξ − iθθ¯ z˙, D¯Z = 0,
Π = π +
√
2 θB − iθθ¯ π˙, D¯Π = 0, (B.13)
where ξi ≡ (ξ, π), ξ¯i ≡
(
ξ¯, π¯
)
. Like in the previous case, under N = 2 supersymmetry
these superfields transform with non-trivial weights ∝ m:
δǫΠ = 2m (2κ− 1) (ǫ¯ θ) Π, δǫZ = 4mκ (ǫ¯ θ)Z. (B.14)
The hidden supersymmetry acts on them as follows:
δεZ = −
√
2 εΠ, δεΠ =
√
2
2
ε¯ D¯ [(1 + 2mθθ¯)DZ]− 2√2mκ ε¯ Z. (B.15)
The simplest (2, 4, 2) Lagrangian corresponding to the choice (6.1) in (5.10) is rewrit-
ten in the N = 2 superfield notation as
L =
∫
dθ¯ dθ
{
1
4
(
1 + 4κmθθ¯
)
D¯Z¯DZ +
m
2
(4κ− 1)ZZ¯ + 2m2κ(2κ− 1)θθ¯ ZZ¯
+
1
2
[
1 + 2m (2κ− 1) θθ¯]ΠΠ¯}. (B.16)
It is invariant, up to a total derivative, under (B.14) and (B.15). Thus here we again
encounter the deformed transformations and Lagrangian even at the level of N = 2
supersymmetry. The θ dependent terms cannot be removed from (B.14) and (B.16) by
any choice of the parameter κ. They disappear in the m = 0 limit only. Note that the
Lagrangian (B.16) simplifies for the special values of κ = 0, 1/2, 1/4:
L(κ=0) =
∫
dθ¯ dθ
[1
4
D¯Z¯DZ − m
2
ZZ¯ +
1
2
(1− 2mθθ¯)ΠΠ¯
]
,
L(κ=1/2) =
∫
dθ¯ dθ
[ i
4
(1 + 2mθθ¯)
(
Z ˙¯Z − Z˙Z¯
)
+
1
2
ΠΠ¯
]
,
L(κ=1/4) =
∫
dθ¯ dθ
[1
4
(1 +mθθ¯)D¯Z¯DZ − m
2
4
θθ¯ ZZ¯ +
1
2
(1−mθθ¯)ΠΠ¯
]
.
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